stichting
mathematisch
centrum MC

AFDELING TOEGEPASTE WISKUNDE TW 146/74 NOVEMBER

0. DIEKMANN

SOME ASPECTS OF NON-UNIFORM CONVERGENCE IN AN ELLIPTIC
SINGULAR PERTURBATION PROBLEM

Prepublication . vy e
P BIBLIOTHEEK MATHERATIEDH (00T

PV U R S RN

2e boerhaavestraat 49 amsterdam




Printed at the Mathematical Centre, 49, 2e Boerhaavestraat, Amstenrdam.

The Mathematical Centre, founded the 11-th of February 1946, is a non-
profit institution aiming at the promotion of pure mathematics and Ats
appLications. 1t is sponsored by the Netherlands Government through the
Netherlands Organization for the Advancement of Pure Research (Z.W.0),
by the Municipality of Amsiterdam, by the University of Amsterdam, by
the Free Univernsity at Amsterdam, and by industries.

AMS (MOS) subject classification scheme (1970): 35B25, 35B30, 35B40, 35J25,
41A60.,




aspects of non-uniform convergence in an elliptic singular perturba-

problem *)
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[n elliptic singular perturbation problems several types of boundary
3 occur. A model problem is investigated and it is shown that, by ex-—
»m of the familiar stretching technique to parameters, uniform results

» obtained.
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1. INTRODUCTION

In many singular perturbation problems (with a small parameter e), it
occurs that the actual construction of an asymptotic approximation of the
solution depends discontinuously on a certain additional parameter ﬁ. In
most of such cases the exact solution is continuous or even analytical in u.

Turning point problems like

€ El._lzl + ux é—g + g(x) u = O’ u (il) prescribed,
dx X

are a well-known example of this behaviour.
The phenomenon is particularly apparent in the Dirichlet problem for

a second order linear differential equation of elliptic type,

(1.1) <8L2+L1> =0, 0<e<x 1,

in a convex domain D c Bg. The solution of (1.1) exhibits a boundary layer
>ehaviour and it is well-known that the position and the type of the bound-
iry layers depend on the characteristics of the first order differential
>perator L. Here the parameter p is a measure for the angle between these
‘haracteristics and the boundary of D.

It is our opinion that the phenomenon is due to non-uniform convergence
7ith respect to u. Consequently we want to attack the problem by applying
he stretching technique to the parameter u. As the solution of a formal
.imit equation we obtain a function that constitutes the missing link for
in asymptotic approximation uniform in p., This is shown by means of suit-
tble limit processes.

Already two papers ([1],[4]) have been devoted to this subject, so a
ipecial justification seems in place. Firstly we treat the transition from
)varabolic - to free boundary layer which has not been done so far, In the
iecond place the asymptotic analysis of Comstock is improved somewhat and
n important matching result which was not mentioned by Grasman is given.

Throughout this paper we will limit ourselves to first order asymp-
.otic approximations. It is a rather straightforward but tedious procedure

o extend the analysis to higher order approximations.




E BOUNDARY VALUE PROBLEM

Instead of considering the general equation (1.1), we investigate an
ion with constant coefficients which is frequently treated as a model

em, As a further simplification we take as domain the quarter plane
D={(x,y) | x>0, y>0}.
is manner, uninteresting technical difficulties are eliminated and it

es possible to emphasize the transition of the various boundary layers.

the problem takes the form

Le’u[ﬂ = (eA—Du) [¢] = O, 0<ex 1,
®(x,0) = 0, x > 0,
¢(0,y) = £(y), y > 0,

f continuous and bounded for y » =, £(0) # 0,

A stands for the Laplace operator in two dimensions and Du for a first

differential operator
D =us—+b—+c¢, c=20,
y

der to ensure uniqueness we have to impose a complicated condition

® concerning its growth at infinity and its behaviour near the corner
, where the boundary conditions are discontinuous. In [2] both this
tion and a representation of the exact solution are given.

J)f course we can reduce the number of constants in the operator Du by
1g the parameters € and p. However, it is our intention to obtain a
view on the manner in which the coefficients of the equation occur in

gkpressions for an approximate solution.

The method of matched asymptotic expansions can be succesfully applied
is problem (see for instance [3],[6]). It turns out that a crucial
is played by the slope cof the characteristics of the reduced equation

= 0, These are the lines



(2.5) X = %-y + constant,

We take b as a fixed positive number and u as a parameter., For a first or-
der asymptotic approximation three cases are to be distinguished (see [3],

where 1 and ii are treated):

i. u < 0: ordinary boundary layer along x = 0, & ~ Q with
X
¥e

(2.6) Q(x,y) = £(y) e = .

ii, u = O: parabolic boundary layer along x = 0, & ~ P with

oo

-1 2 cx2 bx2
2.7) P(x,y) = 2(m) ? exp| - T - fly - dr.
2\ 2 2
bx
(4EY)
iii, w > 0: free boundary layer along the characteristic line bx = uy.
Since, for the boundary value problem we consider, this case is not treated
in the literature we give some details, The solution of the reduced equation
Du[¢] = 0 can satisfy all boundary conditions,
Fl(x,y) 0, ) uy-bx < 0,
(2.8) c

b
f(u ;bx) e ¥ ’ uy-bx > 0,

Fz (X9Y)

The discontinuity (£(0)#0) propagates along the characteristic line through
the origin, Yet from the ellipticity of (2.2) we expect the solution to be
smooth throughout D, So there has to be a boundary layer along bx = uy.
Stretching of a coordinate orthogonal to this line and a careful analysis
of the differential equation and of the matching conditions with F, and F,
leads to the local approximation

[o

_ s )
@9 Fyy) - @ e O erre— 2 )

2((u2sb2)b ley)?

Now a uniform approximation can easily be constructed: ® ~ F with




c .
(2.10) F(x,y)=%f(m}i> e erfé( _bx-uy r).
T 2(uZep2yp Togy ]

Using a maximum principle one can show that the exact solution is con—
tinuous in u, uniform in every bounded subdomain of D (the problem is reg-
ular with respect to u; see [2]), But it is obvious that by putting u = 0
in Q(x,y) or F(x,y), one does not arrive at P(x,y). It is this paradox

that we will analyse in the next sections.

3. NON-UNIFORM CONVERGENCE WITH RESPECT TO A PARAMETER

An important tool in singular perturbation techniques is that of a spe-
cial limit proces defined in the following way. Let 8(e) be an order func-
tion (a real continuous function, defined and positive on (0,80) and such
that lim“O §(e) exists), and x a variable, By stretching of x we mean the
introduction of a local variable Ed by means of x = gsé(e). Now the 56-

limit of a function ¢(x,e) is defined by
limg ¢(x,e) = lim ¢ for € + 0 with 56 fixed.
§

3imilar definitions can be given for functions of several variables (see
-5] for more details).

The solution of the problem (2.2)-(2.3) depends, besides on €, ON X,V
ind p. The distinction between variables and parameters stems from the man-
ler in which they occur in the differential equation that implicitly defines
he function, but this distinction is not inherent in the nature of the func-
:ion. This motivates our attempt to solve the observed paradox by applying
‘he method of local variables and limit processes to the parameter p as well,

The following example of an explicitly given function indicates the

:ind of results we are looking for. Consider

- EX X - L
€ -E—E- €2
'3.1) Pp(x,us€e) = e + e ; 0<e<x 1,

0 p<owow, 0< x < o,




'utting x = EGG(e) and taking the ES—Iimit of Y we find

-UE6
z 0: 1imE V(x,u,e) = e with 6(¢)
§

L}
m
-

-&
= 0: 1img P(x,0,e) = e 8 with 8(¢)
S

[}
m
Nl
°

ne easily proves that in both cases the limit function is an asymptotic
pproximation which is uniformly valid in x. But certainly neither of the
s valid uniformly in p, and in fact they do not even match with respect
o g. The limit u + 0 and the EG -~ limits are not interchangeable, The re
dy is to introduce a local parameter vY by means of p = VY v(e), and to

ake the 56,VY = limit of ¢

N

lim Y(x,u,e) = e with §(g) = e% and y(g) = €2,

EG,V

¥

1is limit function is an asymptotic approximation which is uniformly val
1 x and in y.

For the explicitly given function (3.1) this procedure is obvious. I
1e next section we will show that the same procedure works for the funct
nplicitly defined by (2.2)-(2.3),

» THE GENERALIZED BOUNDARY LAYER FUNCTION

From the differential equation (2.2) it is clear that the only signi
:ant stretching of the variable x and the parameter u is such that both
;z/axz and p3/3x become of formal order one. In this way we obtain the

mit equation

3% PYe 3G
L.l) E:;X—Z—U'EK bw-ch—O.

le solution that meets the conditions

2) G(x,0) =0, G(0,y) = f(y),

given by the generalized boundary layer function




-1 }Bsiw 2 2 2 2 b 2
4¢3) G(X,y) = Z(TT) 2 e J exp(-T - & - U X ) £ (y_ x2>dT.

ur main result is the following. The generalized boundary layer function
ontains (with respect to u) the ordinary boundary layer function and the
arabolic boundary layer function and it matches the free boundary layer
unction. Moreover, we will show that G(x,y) contains hidden boundary layers
hich were pointed out by N.M. Temme ([7]) in his direct asymptotic anal-
sis of the integral representation of the exact solution of a similar prob-
em.

To prove these results, we have to give an asymptotic expansion of G
or €+0 under various assumptions for x,y and u. As a first remark, we men-—
ion that by simply putting p = 0 in (4.3), we obtain the parabolic boundary

ayer function (2.7), so this part of the statement needs no further comment.

. ASYMPTOTIC ANALYSIS OF THE GENERALIZED BOUNDARY LAYER FUNCTION

With the definitions

u2x2 ecx2 Y b }
5.1) s IR OF

-l
nd with T > te 2, formula (4.3) can be written as
3

px
-1 5 - 2
5,2) G(x,y) = 2(me) *? e’ J exp{(-Tz - %—5) e £ (y~- -13337:-) dr.
' 4t
8

'or € + 0 the asymptotic behaviour of the integral is determined by the
‘tationary points of the integrand. We note that there are two real station-
ry points + Tgs where T, = a%, Since B > 0, it would seem that only the
ontribution of the positive stationary point needs to be considered.
lowever, for g + O the effect of - T will increase, and a significant con-
:ribution in a special part of the domain should be expected.

After the transformation

3

5.3) T-=gq,




» write (5.2) as a product

3. 4) 6(x,y) = I(x) J(x,y),

lere the factors are given by

ux _ 20t
305) I(x) = e 2e €
1d
-4 T q2 dt
5.6) J(x,y) = 2(me) * J exp (- ——) £ (y—R(Q)>-—- dg,
€ / dq
. ot
th 8
2
2
. 7) R(Q) = — o :

2., 3\2 o .2
q~ + q(q +4a®)*® + 2a
-om (5.3) we obtain the explicit form

dt 1 q

1.8) -—-=§+~——-—-—-r-;.
dq (q2+4a2)

2

Up to now we have assumed that the values of x and y are restricted to
10se corresponding with the domain D, However, we may include negative val-
3s of x in the asymptotic analysis of the functions I(x) and J(x,y) and
\ this way more insight can be gained as we will see below.

The factorization (5.4) is chosen in order to emphasize that two dif-
srent asymptotic approximations are to be made. So at first we treat I(x)
id J(x,y) independently.

For ¢ + 0 it follows from (5.5) and the definition of a (5.1) that

e for ux > 0,
3.9) I(x) ~

e for ux < 0,




From (5.6), it is clear that for € + 0 the asymptotic behaviour of
(x,y) depends on whether q = 0 lies within the interval of integration or

ot, In other words, on the sign of

Ix]
1 bx - |ul= v
a? x
g - = = z(by)% + 0(e).

traightforward application of the method of Laplace leads to the result

f<|Uf' ;'b[XI) for blxl < luly’

0 for blx| > |uly.

5.]0) J(st)"'

n order to examine the transition, we take the t, — limit of J(x,y), where

§
s is defined by blx| - |uly = t6 §(e). We find

5.11) lim,  J(x,y) = 1£(0) erfc(——f§—¥>, with §(g) = e%.
$ 2(by)

bviously the function J(x,y) exhibits a boundary layer behaviour.

he boundary layer corresponding to the stationary point + T is situated

round the line bx = |u|y. There is another boundary layer corresponding to

tationary point - To and situated around the line bx = = |u|y. Referring

o the domain D we call the first one internal and the second one external.
We observe that the asymptotic order of I(x) depends rather strongly

n the sign of p. In contrast to this we note from (5.6) that J(x,y) does

ot depend on the sign of u at all and this is reflected in the results

5.10) and (5.11). Combining the approximations for I(x) and J(x,y) obtained

bove, we find for the inside of D (i.e. x > 0):

« U < 0: ordinary boundary layer along x = 0

ux

X
2.3 _ u x
5.12) G(x,y) ~ e© f(—'E—'—y-—-—-Pf—) ~f(y) e ©
ful
ne free boundary layer along bx = |u|y is hidden by the multiplicative

mction I(x).




.. u > 0: free boundary layer along bx = |uly

i -bx\ o
f(HZE——> e M s uy - bx > 0,
c
1 - By bx-u ( %)
3,13) G(x,y) ~ 1§ 2£(0) e erfc(———QZ-I>, uy = bx = 0(e?),
2 (bye)
0, uy = bx < 0O,

ymparing these results with the formulae (2.6),(2.8) and (2.9), we conclu-
> that our main assertion, stated in section 4, is indeed correct.

Similar results can be obtained for x < 0, but instead of stating them

1 detail we prefer to present an overall picture in figure 1 and 2.

external 4 internal
y |
jordinary
boundary
layer
i
l
|
bx = -|uly l bx = |uly
N
7
NN
SN ! _ - o
h NN ! Ve
N \‘\\ | il
free] o I 7/ ~hidden
boundary \\_ < P 7/ 7 free
layer> 1\ b, g “boundary
SN~ ayer

fig. 1 : u < 0.




external 1 +y internal
ordinaryl
boundary |
layer |
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|
bx = =|uly I bx = |uly
N -
~ ‘ g 7’
> ~ ~ 7 s
N ] </
~ > e 7
LD N Vs
hidden~ ~ l . “free
free® O\ I P oundary
boundary > O | P » /7, layer
layer ™ ~ ’

> X
fig. 2 : u > 0.

Another important observation has to be made. The influence of the ex-
ernal free boundary layer is negligible in the domain D, except for an
e-dependent) neighbourhood of the origin. To calculate the contribution, we
ave to take the 56’ nY-limit of G(x;y) ((5.14)), where x = EGG(E) and

= nyy(e) are so defined that B - a? B~! is of formal order one. Then

(y=R(q)) can be replaced by £(0) (the first term in the Taylor expansion).
ut now the second term of dt/dq cannot be neglected (which is another way
f saying that the stationary point - Ty has to be taken into account). In

act we find

1
ux=4o?
=Ll 1
5.14) limg G(x,y) = limg 1£(0) {e 2e erfc/Be z—azs'le'%)
6’n,Y ngY \
ux+4a£

— -1 1 -1
+ e 2e erfc(Be 2 + 928 le 2)}.




e have to distinguish the two cas
5.14) gives a different contri
he same, due to a certain symm

5.15) lim G(x,y) =

ES’”Y
ne easily verifies that this 1
orresponding limits of Q(x,y),
n [2] and [4] the same limit f
f x,y and u, and a detailed ex

he boundary and matching condi

. CONCLUDING REMARKS

The formal procedure of co
mply that the obtained functio

he exact solution. This can be

rinciple is the main tool. For

nd [6].

However, once more it appe
ight results. By purely formal
ion (4.1). The structure of it
tructure of the exact solution
o show that all significant fe
n (4.3) for all values of wu.

In the asymptotic analysis
4,3) the decomposition (5.4) i
(x,y), defined in (5.5) and (5

erspicuous outcome. Here is ag
lication of two asymptotic app
ults.

Our main purpose was to sh
symptotic approximation can be

espect to a certain parameter :

11

0 and ¢ > 0, and, although each term of

. in each case, the total outcome is

ux
{erfé(gﬁ:ﬂz——) + e8 erfc<2513247>}.
2(bye) ? 2(bye) 2
unction matches, with respect to u, the
) and F(x,y) ((2,6), (2.7) and (2.10)).
n was found with the aid of stretching

ion of the differential operator and

te stretching and matching does not
indeed asymptotic approximations of
ied by a proof in which the maximum

aspect of the problem we refer to [3]

at the formal way of action yields the
ulation we did obtain the limit equa-
tion (4.3) is much simpler than the
«2) = (2.3). Nevertheless we were able

of the exact solution are contained

e generalized boundary layer function

ssential step. The factors I(x) and

oth admit a simple treatment with a

. illustration of the fact that multi-

tions can be a source of confusing re-

t the observed discontinuity in the

preted as non-uniform convergence with

at the method of stretching works in




‘his case as well, It is in this sense that we expect that our treatment of

1 rather special problem may have wider application.
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